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I consider infinitesimal translations x′α = xα+δxα and de-
mand that Noether’s approach gives a symmetric electromag-
netic energy-momentum tensor as it is required for gravita-
tional sources. This argument determines the transformations
of the electromagnetic potentials under infinitesimal transla-
tions to be A′γ(x
′) = Aγ(x) + ∂γ [δxβ A
β(x)], which differs
from the usually assumed invariance A′γ(x
′) = Aγ(x), by the
gauge transformation ∂γ [δxβ A
β(x)].
PACS number: 11.30.-j
In relativistic field theory it is well known, and often
referred to as Noether’s theorem [1], that each indepen-
dent infinitesimal symmetry implies a conserved current
with an associated constant or motion. Here we are in-
terested in the symmetry under infinitesimal translations
x′α = xα + δxα (1)
for which Noether’s theorem yields the conserved cur-
rents of the energy-momentum tensor with the associated
constants of motion being energy and momenta. How-
ever, the energy-momentum tensor Tαβ obtained in this
way from the electromagnetic Lagrangian
L = −
1
16pi
Fαβ F
αβ with Fαβ = ∂αAβ − ∂βAα (2)
is not symmetric, whereas everyone believes that the cor-
rect result ought to be symmetric. The standard pro-
cedure [2] is to add a total divergence such that the
final result becomes the desired symmetric tensor θαβ .
While this procedure is acceptable within electrodynam-
ics, it becomes questionable as soon as one is concerned
about gravity. The electromagnetic energy-momentum
distributions of Tαβ and θαβ differ and this changes
the implied gravitational force. This is in principle ob-
servable [3], although in practice presumably not, un-
less someone identifies suitable cosmological field distri-
butions. On the theory side, in gravity the symmetry
transformations of general covariance yield the symmet-
ric energy-momentum tensor as source of the gravita-
tional field, see for instance [4,5], and this is presum-
ably the strongest evidence underlining that the energy-
momentum distribution of θαβ is the correct one.
In view of the arguments in favor of the symmetric
energy-momentum tensor it is astonishing that Noether’s
theorem leads to a tensor Tαβ with an obviously incor-
rect energy-momentum distribution. In particularly, one
should bear in mind that the derivation of Tαβ relies only
on the symmetry transformations of a four vector under
translations
A′γ(x
′) = Aγ(x) (3)
and on factoring out the local translation δxα. Due to
the locality of the procedure, it is hard to imagine that it
could lead to an incorrect energy momentum distribution
when the fundamental assumptions are sound.
In this letter I give a simple solution to the problem.
The non-symmetric energy momentum tensor Tαβ is ob-
tained under the assumption that Aγ transforms as a four
vector (3) under translations (1). Due to the gauge in-
variance of the electromagnetic Lagrangian (2) this does
not have to be the case. We may allow for more general
transformations which differ from (3) by gauge transfor-
mations, i.e.
A′γ(x
′) = Aγ(x) + ∂γ Λ(x) . (4)
That nature may employ such a transformation behavior
instead of (3) is not entirely a surprise. On the quantum
level the electromagnetic fields rely on superpositions of
massless creation and annihilation operators and Wein-
berg [6] points out to us that such fields do not allow for
representations of the (proper) Lorentz group, but only
for transformations which differ from those by a gauge
transformation. Therefore, it is quite natural to conjec-
ture that nature uses gauge transformation also for trans-
lations. Repeating the arguments of Noether’s theorem
with the ansatz (4) and requesting a symmetric energy-
momentum tensor leads to the unique solution
A′γ(x
′) = Aγ(x) + ∂γ [δxβ A
β(x)] (5)
which is conjectured to be the transformation law real-
ized by nature for infinitesimal translations of electro-
magnetic potentials. The remainder of the paper is de-
voted to the derivation of this equation. Up to some
notational changes and adaptions to the case at hand,
my arguments follow closely chapter 1 of Bogoliubov and
Shirkov [7].
First, let us quickly recall how relativistic field equa-
tions are derived from the action principle. The action
is a four dimensional integral over a scalar Lagrangian
density
A =
∫
d4xL(ψk, ∂αψk) (6)
and, therefore, by itself a scalar under the connected part
of the Lorentz group. Variations of the fields are defined
as functions
1
δψk(x) = ψ
′
k(x) − ψk(x) (7)
which are non-zero for some localized space-time region.
The action is required to vanish under such variations
0 = δA =
∑
k
∫
d4x
[
(δψk)
∂L
∂ψk
+ (δ ∂αψk)
∂L
∂(∂αψk)
]
. (8)
Integration by parts gives
0 =
∑
k
∫
d4x (δψk)
[
∂L
∂ψk
− ∂α
∂L
∂(∂αψk)
]
, (9)
where we used that the surface terms vanish. As the
variations δψk are independent, the integrand in (9) has
to vanish for each k and we arrive at the Euler-Lagrange
equations
∂L
∂ψk
− ∂α
∂L
∂(∂αψk)
= 0 (10)
for relativistic fields. For the electrodynamic Lagran-
gian (2) they yield ∂α F
αβ = 0.
Noether’s theorem applies to transformations of the co-
ordinates for which the transformations of the field func-
tions are also known. Such transformations constitute a
symmetry of the theory when the corresponding variation
of the action vanishes. The theorem states that to each
such symmetry a combination of the field functions exists
which defines a conserved current. For this purpose we
introduce, in addition to (7), a second type of variations
which combines space-time and their corresponding field
variations
δψk(x) = ψ
′
k(x
′)− ψk(x) . (11)
Using (note δxα ∂αψ
′
k = δx
α ∂αψk because δ
2 variations
disappear)
ψ′k(x
′) = ψ′k(x) + δx
α ∂αψk(x)
we find a relation between the variations (11) and (7)
δψk(x) = δψk(x) + δx
α ∂αψk(x) . (12)
For a scalar field ψ (as well as for ordinary four vector
fields) symmetry under translations means
δψ(x) = ψ′(x′)− ψ(x) = 0 . (13)
But for the electromagnetic potentials we allow (4)
δAγ(x) = A
′
γ(x
′)−Aγ(x) = ∂γΛ(x) . (14)
With these symmetries equation (12) reduces for a scalar
field to
δψ = −δxα ∂αψ(x) (15)
and for the electromagnetic potentials to
δAγ = ∂γΛ(x)− δx
α ∂αAγ(x) . (16)
As the Lagrange density is a scalar, we get for its com-
bined variation (11)
0 = δL = L′(x′)− L(x) = δL+ δxα ∂αL (17)
where besides (13) we used the relation (12). Our aim is
to factor an over-all variation δxα out. For δL we proceed
as in equation (8), where the fields ψk are now replaced
by the gauge potentials Aγ
δL = (δAγ)
∂L
∂Aγ
+ (δ∂αAγ)
∂L
∂(∂αAγ)
.
Using the Euler-Lagrange equation (10) to eliminate
∂L/∂Aγ , we get (the calculation remains valid in our
case where L does not depend on Aγ)
δL = (δAγ) ∂α
∂L
∂(∂αAγ)
+ (δ∂αAγ)
∂L
∂(∂αAγ)
= ∂α
[
(δAγ)
∂L
∂(∂αAγ)
]
.
Let us collect all terms which contribute to δL in equa-
tion (17). For this, note that ∂βδx
α = 0 holds for all
combinations of indices α, β. (Namely, for α = β we are
led to δ1 = 0 and for β 6= α the variations δxα are then
independent of the coordinates xβ). We find
0 = δL = ∂α
[
(δAγ)
∂L
∂(∂αAγ)
+ δxα L
]
=
∂α
[(
∂γΛ(x)− (δxβ) ∂
βAγ
) ∂L
∂(∂αAγ)
+ gαβ δxβ L
]
where equation (16) was used for the last step. To be
able to factor δxβ out of the bracket, one has to request
Λ(x) = δxβ B
β(x) (18)
whereBβ(x) is a not yet determined potential field. With
this we get
0 = δxβ ∂α
[
(∂βAγ − ∂γB
β)
∂L
∂(∂αAγ)
− gαβ L
]
.
As the variations δxβ are independent, the energy-
momentum tensor
θαβ =
∂L
∂(∂αAγ)
(∂βAγ − ∂γB
β)− gαβ L (19)
gives the conserved currents
∂α θ
αβ = 0 . (20)
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Let us demand that the energy-momentum tensor (19) is
symmetric. This leads to the requirement
Bβ(x) = Aβ(x) (21)
for which
θαβ =
1
4pi
(
Fαγ F βγ +
1
4
gαβ Fγδ F
γδ
)
(22)
is symmetric because of
Fαγ F βγ = F
βγ F αγ .
Indeed, equation (22) is the symmetric tensor of the text-
books [2]. It differs from other versions of (19) by total
divergencies.
In conclusion, I have presented an argument in favor of
the transformation behavior (5) and it appears that the
question [3] of the energy-momentum distribution of the
electromagnetic field may finally be put at rest with the
expected result. Noether’s theorem alone has no predic-
tive power about whether the energy-momentum tensor
is the symmetric or not, but evrything is consistent in
the sense that a transformation law exists which gives
the tensor (22). In addition, when symmetry of the ten-
sor is assumed the result for θαβ is unique. It is shown
in a forthcoming paper that this approach works also for
non-abelian gauge theories.
Note added
After posting this manuscript Prof. Jackiw kindly in-
formed me that my result is a special case of his work [8],
see [9] for details. Prof. Hehl communicated that the
use of 1-Forms leads directly to a symmetric energy-
momentum tensor, see for instance [10].
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